Abstract: The aim of this letter is to show that there is a Hopf structure of the parabosonic and parafermionic algebras and this Hopf structure can generate the well known Hopf algebraic structure of the Lie algebras, through a realization of Lie algebras using the parabosonic (and parafermionic) extension of the Jordan Schwinger map.
Introduction
Jordan at 1935 proposed a realization of Lie algebras using boson or fermion creation -destruction operators. This realization was rediscovered by Schwinger at 1953, see the discussion of the Jordan -Schwinger map in [1] [Chap. 5] and in [2] [ §2. 3] . The realization of a Lie algebra by bosons corresponds to the symmetric representation of the Lie algebra, while the realization by using fermions corresponds to the antisymmetric representation of the Lie algebra. The case of the u(N) algebra was presented in [3] . The bosons and the fermions are special cases of parabosons and parafermions, which are introduced by Green [4] . The parabosonic (and correspondingly the parafermionic) algebra is a generalization of the usual bosonic (fermionic) algebra leading to generalized alternatives of the Bose -Einstein (FermiDirac) statistics or to field theories based on paraparticles, all the related bibliography and details can be found in [5] . The N parabosons were used for constructing realization of a sp(2N) algebra , this construction is based on the idea of using parabosons, rather than usual bosons. The same idea can be applied in the case of the so(2N) algebra but N parafermions are used [5] [ §3.2]. Biswas and Soni [6] used systematically parabosons or parafermions for a Jordan -Schwinger realization of a u(N) algebra. In the same paper realizations of the so(2N) or sp(2N) algebras, using parafermions and parabosons, were discussed in a similar way as in [5] . Also a realization of the g(M/N) super algebra is proposed by using M parafermionic and N parabosonic operators, by extending the corresponding realizations based on the use of usual fermions and bosons. Palev [7] has proved that the parabosonic and parafermionic algebras can be used for constructing realizations of osp(2N + 1/2M) algebras. In this paper we extend the Jordan -Schwinger map as a method of a realization of every Lie algebra, using parabosons and parafermions.
The fact that Lie algebras and superalgebras have a Hopf algebra structure, constitutes a strong indication that the parabosonic and parafermionic algebras might possess a Hopf algebraic structure too. If this is true, then the Hopf algebra structure of the Lie algebra should be consistent with the supposed Hopf algebra structure of the parabosonic and parafermionic algebra. Another strong indication of the existence of the Hopf structure in the parabosonic algebra can be conjectured by the recent investigation by Macfarlane [8] , which has proved that the one dimensional Calogero-Vassiliev oscillator algebra is closely related to the one dimensional parabosonic algebra. In [9] and [10] a Hopf algebra structure was proposed for the one dimensional Calogero-Vassiliev oscillator algebra. Therefore a natural idea is to transfer the Hopf structure of the Calogero-Vassiliev algebra to the case of the parabosonic algebra. In this paper we show that both the parabosonic and parafermionic algebras admit a Hopf algebra structure. Also the Jordan-Schwinger map is a Hopf homomorphism from the Lie algebras to the parafermionic or parabosonic algebras. That means that the rules of the Hopf algebra structure of the Lie algebra can be deduced from the rules of the Hopf algebra structure of the parabosonic of parafermionic algebra. Also we show that for an Lie algebra of N generators which is realized using N pairs of creation -destruction parabosonic (or parafermionic) operators, then the N parabosonic (parafermionic) destruction operators are the components of a covariant tensor algebra, while the N creation operators are the contravariant components of a tensor corresponding to the adjoint representation of the Lie algebra.
Parabosonic realization of a Lie Algebra
Let consider a finite dimensional Lie algebra L, generated by the generators X 1 , X 2 , . . . X n and the commutation relations:
The universal enveloping algebra U(L) is a Hopf algebra with commultiplication, co-unit and antipode, which are defined by the well known relations:
Let consider the parabosonic algebra P(n), which is the associative algebra generated by n generators b 1 , b 2 . . . , b n satisfying the trilinear commutation relations:
The generators of the parabosonic algebra define a u(n) algebra by putting
The trilinear equations (3) imply that the operators N
ℓm are generators of a u(n) algebra, because the following commutation relations are satisfied:
The linear Casimir operator of the u(n) algebra is defined by:
and it satisfies the commutation relations:
Starting from the N [B] operator we can define the operator
The above commutation relations imply
The parabosonic algebra P(n) admits a Hopf algebra structure, with a coproduct △ p , co-unit ǫ p and antipode S p given by:
It is not difficult to show that the above definitions do indeed satisfy the well known consistency conditions
Using the above defined generators a realization of the Lie algebra L can be defined on the parabosonic algebra P(n) by using a Jordan -Schwinger map [2] :
where
After trivial calculations one can verify that the generators J (X i ) satisfy the Lie algebra commutation relations (1), because the structure constants of the Lie algebra satisfy the Jacobi equality: The Jordan -Schwinger map can be extended to a map from the universal enveloping algebra U(L) to the parabosonic algebra P(n).
The existence of the Hopf algebraic structure of the parabosonic algebra P(n) and the definition of the operators N [B] ij imply that
A direct implication of the above relations is that, the Hopf algebraic structure of the enveloping algebra U(L) can be deduced from the Hopf algebraic structure of the parabosonic algebra P(n).
The following diagrams are commutative:
and
The above diagrams prove that, the Jordan map J is a Hopf algebra homomorphism [11] 
The realization of any Lie algebra by using boson or fermions operators was initially discovered by Jordan and later was rediscovered by Schwinger of the su(2) case, see [2] [ §2. 4] . In this construction the formula (10) is used, but the b i 's correspond to usual bosons. In this paper, we have extended the notion of the "Jordan map" from the boson (or fermion ) case to the paraboson case, i.e. and we have proved that:
Proposition 1: The extended Jordan map, which is defined by (10) , is a Hopf algebra homomorphism from the Hopf algebra U(L) into the parabosonic Hopf algebra
Another trivial result is:
The set of n parabosonic destruction (or creation) opera-
n ) are adjoint tensor covariant (correspondingly contravariant) operators of the Lie algebra L
That is true because the definition (10) of the parabosonic realization of the Lie algebra generators and the trilinear commutation relations for the parabosons (3) imply the relations:
and the structure constants c k ij are the matrix elements of the adjoint representation of the Lie generators X i . This algebra has a simple Hopf algebraic structure given by:
and can be easily checked that the consistency relations (9) are satisfied. u(n) generators can be defined, similarly as it was given in equation (4):
the Lie algebra can be realized by using a Jordan -Schwinger map:
The generalization of the Propositions 1 and 2 in the case of parafermions is straightforward: 
Discussion
The realizations of the Lie algebras, by using a generalized Jordan map seems to be a useful tool. It is well known the importance of the Jordan -Schwinger map [1] in the study of the representations of the Lie Algebras. The proposed extension of this fundamental map in the case of the parabosonic and parafermionic algebra, opens several problems to be solved: 
The construction of the dual Hopf algebra corresponding to the Hopf algebra of parafermions and parabosons.
The dual Hopf algebra of the universal enveloping algebra U(L) is the set of the smooth real functions C ∞ (G) defined on the local Lie group corresponding to the Lie algebra L. The structure of the dual Hopf algebra of the parabosonic or the parafermionic algebra is not known.
The q-deformed versions of parabosonic or the parafermionic algebras
Another open problem is the q-deformed extension of the JordanSchwinger map. It is well known that the ordinary one dimensional q-deformed bosons leads to the Jordan -Schwinger map in the special case of the su q (2), and analogous constructions are known for the u q (N) algebras. As far as we know, there is not any generalization of the Jordan -Schwinger map for the q-deformed versions of the parabosonic of parafermionic algebra, while descriptions of the osp q (1/m) [12] and osp q (2n + 1/m) have been recently studied [13] by using q-deformed generalizations of parabosonic and parafermionic algebras. A very interesting problem seems to be the investigation of the q-deformed generalizations of the parabosonic or parafermionic algebras and their relation with the Hopf algebraic structure of the quantum groups.
Beyond the importance of the study of representations of the generalized Jordan -Schwinger map, we have shown that this map is a Hopf algebra homomorphism. This fact implies that, the Hopf algebraic structure of the universal enveloping algebra of a Lie algebra is generated by the Hopf algebraic structure of the parabosonic and parafermionic algebras. From this point of view, the Hopf structure of parabosonic and parafermionic algebras is more fundamental, than the Hopf structure of Lie algebras. The extension of these ideas in the case of superalgebras is under investigation.
We must also notify, that Greenberg [14] conjectured, that the quarks are parafermions of order p = 3. The basic symmetry group of the naive quark theory is the SU(3), therefore the Greenberg's assumption is related to the proposed realization of the su(3) algebra by using eight parafermions of order p = 3. We acnowledge support from the Greek Secreteriat of Research and Technology under contract ΠENE∆ 1981/95.
